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Abstract
We consider the homotopic invariance of fixed points of set-valued contractions and nonexpansive
mappings in hyperconvex metric spaces. Results previously obtained only for Banach spaces are
extended to the setting of these metric spaces.
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1. Introduction
Invariance under homotopy of fixed points of set-valued contractions and nonexpansive
mappings in Banach spaces has been considered in [2,5]. It is the purpose of this
paper to extend those results to similar mappings in hyperconvex metric spaces. If F ,
G are homotopic nonexpansive mappings of a ball intersection into the family of ball
intersections in a bounded hyperconvex metric space, our principal result gives conditions
on the homotopy boundary values so that F has a fixed point iff G has a fixed point.
These results depend on the fixed point existence theorems for set-valued contractions
of Nadler [4] and for set-valued nonexpansive mappings of Sine [6], and the fixed-point
stability theorem of Lim [3].
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2. DefinitionsUsing B(x; r) to denote the closed ball about x with radius r , a metric space M
is hyperconvex if given any family {xα} of points in M and any family {rα} of real
numbers satisfying d(xα, xβ) rα + rβ , it is the case that⋂B(xα; rα) = ∅. Hyperconvex
metric spaces were introduced and their basic properties elaborated in [1]. Throughout
(M,d) is a hyperconvex metric space with metric d , and BI(M) is the set of nonempty
closed-ball intersections in M . For nonempty closed bounded subsets U , V of M , let
D be the Hausdorff metric, i.e., assume D0(U,V ) = sup{d(x,V ): x ∈ U}, and define
D(U,V ) = max(D0(U,V ),D0(V ,U)). For any subset S of M , a set-valued mapping
F :S→ BI(M) is a contraction if for some λ ∈ [0,1), D(F(x),F (y)) λd(x, y) for any
x, y ∈ S, and F is nonexpansive if D(F(x),F (y)) d(x, y) for any x, y ∈ S. A mapping
F has a fixed point if x ∈ F(x) for some x ∈ S, and Fix(F (·)) denotes the fixed point set
of F . We denote by ∂S the boundary of S in M .
3. Set-valued contractions
In [5, Theorem 3.1] homotopic invariance of fixed points for set-valued contractions in
a Banach space satisfying Opials condition was considered. The following result provides
an analogue of their theorem in hyperconvex spaces.
Theorem 1. Let M be a hyperconvex metric space, X ∈ BI(M) with nonempty interior
and let F,G :X → BI(M) be contractions that are homotopic. Assume the homotopy
H : [0,1] ×X→ BI(M) satisfies
(a) H(0, ·)= F(·) and H(1, ·)=G(·).
(b) There is a λ ∈ [0,1) such that for each t ∈ [0,1], H(t, ·) is a contraction mapping with
constant λ.
(c) H(t, x) is equicontinuous in t ∈ [0,1] over x ∈ X (i.e., for any ε > 0 there is δ > 0
such that if t, s ∈ [0,1] and |t − s|< δ, then D(H(t, x),H(s, x)) < ε for each x ∈X).
(d) x /∈H(t, x) for each x ∈ ∂X and t ∈ [0,1].
Then F has a fixed point iff G has a fixed point.
Proof. Assume without loss of generality that F has a fixed point, and define the nonempty
set V = {t ∈ [0,1]: x ∈H(t, x) for some x ∈X}. The theorem is proved by showing that
V is both open and closed, and hence is equal to [0,1].
If V is not open, there is a t0 ∈ V and a sequence {tn} in [0,1] \V such that lim tn = t0.
Note that each H(tn, ·) has no fixed point in X. Because X is hyperconvex [6], there is
a nonexpansive retraction π of M onto X [1]. Using π , extend the domain of the maps
H(t, ·) to all of M by defining H(t, ·) :M → BI(M), where H(t, x) = H(t,π(x)) for
t ∈ [0,1]. Note that the H(t, ·) are contractions with the same constant λ as the H(t, ·),
and the H(t, ·) are equicontinuous in t over x ∈M . As set-valued contractions with closed
values on a complete metric space, each H(t, ·) has a nonempty closed fixed point set [4],
and since H(tn, ·) converges uniformly to H(t0, ·), the set Fix(H(tn, ·)) converges to the
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set Fix(H(t0, ·)) in the Hausdorff metric [3]. However, H(t0, ·) has a fixed point in the
interior of X by assumption (d) and the fact that t0 ∈ V , and the fixed points of eachH(tn, ·) are in the complement of X. This contradicts the convergence of Fix(H(tn, ·)) to
Fix(H(t0, ·)). Therefore, V is open.
To prove that V is closed, assume a sequence {tn} in V such that lim tn = t0, and t0 /∈ V .
As before, define the extended mappings H(tn, ·) and H(t0, ·) :M→ BI(M). Each H(tn, ·)
has a fixed point in the interior of X, and the fixed point set of H(t0, ·) is contained in the
complement of X. Again, this contradicts the convergence of Fix(H(tn, ·)) to Fix(H(t0, ·))
in the Hausdorff metric. ✷
4. Set-valued nonexpansive mappings
The following results establish homotopic invariance of fixed points for set-valued
nonexpansive mappings in hyperconvex spaces. Our Theorem 2 provides an analogue of a
Banach space result in [5, Theorem 4.3] for hyperconvex metric spaces.
Theorem 2. Let M be a bounded hyperconvex metric space, X ∈ BI(M) with nonempty
interior and F :X → BI(M) a nonexpansive mapping. Assume there is a homotopy
H : [0,1] ×X→ BI(M) such that
(a) H(1, ·)= F(·).
(b) H(0, ·) has a fixed point in X.
(c) For each t ∈ [0,1) there is a λt ∈ [0,1) such that H(s, ·) is a λt contraction for all
s ∈ [0, t].
(d) H(t, ·) is equicontinuous in t ∈ [0,1] over x ∈X.
(e) x /∈H(t, x) for t ∈ [0,1) and all x ∈ ∂X.
(f) infx∈∂X d(x,H(1, x))> 0.
Then F has a fixed point in X.
Proof. Assume that F has no fixed point in X. For any t ∈ [0,1) consider the homotopy
H : [0, t] × X → BI(M). By Theorem 1 there is a fixed point of H(s, ·) for each
s ∈ [0, t]. Let tn → 1 and for each n choose xn ∈ H(tn, xn). Then, d(xn,H(1, xn)) 
D(H(tn, xn),H(1, xn)) and by equicontinuity of H(t, ·) the right-hand side of the
inequality tends to 0. Hence, infx∈X d(x,H(1, x))= 0.
As in the proof of Theorem 1, extend H(1, ·) to a mapping H(1, ·) :M→ BI(M). Since
H(1, ·) is nonexpansive, it has a fixed point in M by the existence theorem in [6], which
is not in X by assumption. For any ε > 0 define Fε = {x ∈M: d(x, H(1, x)) ε}. Since
infx∈X d(x,H(1, x)) = 0, we have Fε ∩ X = ∅, and since H(1, ·) has a fixed point in
the complement of X, we have Fε ∩ (complementX) = ∅. If p ∈ Fε ∩ X and q ∈ Fε ∩
(complementX), then some metric segment [p,q] is contained in Fε by hyperconvexity
of Fε [6]. Since [p,q] is a continuous curve connecting X and it’s complement, we have
[p,q] ∩ ∂X = ∅. But since ε was arbitrary, this contradicts assumption (f). Hence, F has a
fixed point in X. ✷
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Theorem 3. Let M be a bounded hyperconvex metric space, X ∈ BI(M) with nonempty
interior and F,G :X→ BI(M) nonexpansive mappings related by a set-valued homotopy
H : [0,1] ×X→ BI(M) satisfying:
(a) H(0, ·)= F(·), and H(1, ·)=G(·).
(b) For each t ∈ [0,1], H(t, ·) is a nonexpansive mapping of X into BI(M).
(c) H(t, x) is equicontinuous in t over x ∈X.
(d) For each t ∈ [0,1], infx∈∂X d(x,H(t, x)) > 0.
Then F has a fixed point iff G has a fixed point.
Proof. Assume without loss of generality that F has a fixed point. As in the proof of
Theorem 1, we show that V = {t ∈ [0,1]: x ∈H(x, t) for some x ∈ X} is equal to [0,1]
by proving that V is both open and closed.
To prove V open, assume it is not. Then there is a sequence {tn} in [0,1] \ V and
a t0 ∈ V such that lim tn = t0. As in the proof of Theorem 1, let π be a nonexpansive
retraction of M onto X and define mappings H(t, ·) :M → BI(M) for t ∈ [0,1] by
H(t, x) = H(t,π(x)), t ∈ [0,1] and x ∈M . Clearly, each H(t, ·) is nonexpansive and
equicontinuous in t ∈ [0,1] over x ∈ M . By the existence theorem in [6] each H(tn, ·)
has a fixed point xn ∈ H(tn, xn), where xn /∈ X by assumption. As in the proof of
Theorem 2, equicontinuity of the H(t, ·) implies that infx∈X d(x,H(t0, x)) = 0. For any
ε > 0, define Fε = {x ∈ M: d(x, H(t0, x))  ε}. Since the sequence {xn} is not in X,
Fε ∩ (complement of X) = ∅, and since H(t0, ·) has a fixed point in X, Fε ∩ X = ∅.
As before, there exists a metric segment connecting a point in Fε ∩ X and a point in
Fε ∩ (complement of X) that lies entirely in Fε and must intersect ∂X. Since ε was
arbitrary, this contradicts assumption (d). Hence, V is open.
To prove that V is closed, assume {tn} in V , t0 /∈ V and lim tn = t0. As before define the
extended mappings H(t, ·) :M → BI(M) for t ∈ [0,1]. By definition each H(tn, ·) has a
fixed point in X, and H(t0, ·) has a fixed point that must be in the complement of X. By
the same argument as above, the set Fε is seen to intersect both X and the complement of
X, implying that Fε ∩ ∂X = ∅ and contradicting assumption (d). Hence, V is closed. ✷
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